14.1

Notes MATHEMATICAL INDUCTION

OBJECTIVES: 1) Use mathematical induction to write proofs.

PRINCIPLE OF MATHEMATICAL INDUCTION '

To illustrate how induction works, imagine that you are climbing an infinitely high ladder. How do you know

whether you will be able to reach an arbitrarily high rung? Suppose you make the following two assertions
about your climbing abilities:

1) | can definitely reach the first rung.

2) Once | get to any rung, | can always climb to the next one up.
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If both statements are true, then by statement 1 you can get to the first one, and by statement 2, you can get to
the second. By statement 2 again, you can get to the third, and fourth, etc. Therefore, you can climb as high as
you wish. Notice that both of these assertions are necessary for you to get anywhere on the ladder. If only

statement 1 is true, you have no guarantee of getting beyond the first rung. If only statement 2 is true, you may
never be able to get started.

[ WRITING A PROOF BY INDUCTION ]

A proof by mathematical induction that a proposition P(n) is true for every positive integer n consists of two
steps:

BASE CASE: Show that the proposition P(1) is true.

INDUCTIVE STEP: Assume that P(k) is true for an arbitrarily chosen positive integer k,
and show that under that assumption, P(k+1) must be true.

From these two steps we conclude (by the principle of mathematical induction) that for all positive integers n,
P(n) is true.

[ exameteg ]

1) Use mathematical induction to show that the statement is true for all natural numbers:
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2) Use mathematical induction to show that the statement is true for all natural numbers:
2 n(2n=-1)(2n+1)
1) = 3

12+32+52+...+(2n—
S‘\{,p l) Show that P(D 1s Hrue.
T ER TS E
2 z
S—lcé '2—) Show thak P(k-rt) 1< tree.

Assume thot (k) 1§ dvue: 1742252 (2 ,l);-; L(Zk-\)(p_\;_(,\) ' dvee
3 :

We want to show that Ple+) ¢ dree:

T3 52 o (2 Y (ke 1] = (k4! 20y —1] (20e0)+1)
' £

2 2 2 » - ;-— =
Pe3%e8%0 L r (2] + (20e71) = K (ENZEA) oy gy

. = (ZKL-”L 2k £\
factor e -f)+ (2e+1)
3
e TR Y I S TR S S
= Y 2 _ )
N _g -3 k2> 2“2""+ (Y + Y +1)

4 8 3 () = 2

Y248k +3 S YET L 2E2 40K 2 1 fadee: Y 2 03
-y -8 -3
=2

(2k ) (2k +3) e 3l

= (K4)(2k «1)(2k+3) (k) 2(k4)-

l)(ll k+l)-+|) /

Civce Pl ) +"V‘, Pln) \s Hree : 3

Lr 2l natial numbers.



